Engineering components and systems are often subject to multiple dependent competing failure processes 10 (MDCFPs). MDCFPs have been well studied in literature and various models have been developed to predict the 11 reliability of MDCFPs. In practice, however, due to the limited resource, it is often hard to estimate the precise 12 values of the parameters in the MDCFP model. Hence, the predicted reliability is affected by epistemic uncertainty. 13
Introduction 1
Engineering components and systems are often subject to multiple processes that lead to their failures. Usually, 2 these processes compete to cause failures and are dependent in various ways. Hence, they are referred to as 3 multiple dependent failure processes (MDCFPs) [1] . In practice, most MDCFPs involve both degradation processes 4 and random shocks [2] . MDCFPs have been well studied in literature and various models have been developed to 5 predict the reliability of MDCFPs. A typical example is [3] , in which Peng et al. considered a MDCFP where failure 6 can be caused by either a degradation process or a random shock process. The two failure processes were 7 dependent since when a random shock arrives, an abrupt increase to the degradation process is caused. A similar 8 model can be found in [4] , where degradation is modeled by a diffusion process and the random shocks are 9 assumed to follow a Poisson process. Wang and Pham [5] modeled MDCFP in a similar way, within a framework 10 for defining the optimal imperfect preventive maintenance policy. Li and Pham [6, 7 ] developed a reliability model 11
and an inspection-maintenance model for multistate degrading systems, considering two degradation processes and a 12 shock process. Keedy and Feng [8] applied Peng's approach ([3] ) to model a stent, where the degradation process is 13 modeled by a Physics of Failure (PoF) model. In a recent paper by Lin et al. [9] , the degradation process is modeled 14 by a continuous-time, semi Markov process and the shock process is modeled using a homogeneous Poisson process. 15
Most existing MDCFP models assume that the precise values of the model parameters are known to the 16 modeler. In practice, however, due to the limited resource, it is often difficult to precisely estimate the model 17 parameters. Hence, the reliability predicted by the MDCFP models are affected by epistemic uncertainty [10] . The 18 effect of epistemic uncertainty should be accounted for in MDCFP models. 19
In literature, there are various approaches to describe epistemic uncertainty, e.g. Bayesian theory [11] , 20 evidence theory [12, 13] , possibility theory [14] , fuzzy theory [15], probability box (P-box) [16] , etc. The major 21 differences among these theories are the way that the incomplete knowledge is interpreted and mathematically 22 described. For example, applying Bayesian theory implies that one can represent our incomplete knowledge as 23 prior probability distributions [17, 18] , evidence theory expresses incomplete knowledge by identifying basic 24 probability assignments (BPA) [12, 13] , possibility theory relies on possibility distributions (or membership 25 functions) to describe the state of knowledge [19, 20] , probability box (P-box) expresses the incomplete knowledge 26 based on intervals or bounds of probability distributions [21, 22] . Among them, P-box is natural to engineers and 27 easier to implement in practice. Therefore, in this paper, we use P-box to describe epistemic uncertainty in MDCFP 28 models. 29 3 A P-box comprises a pair of upper and lower cumulative density functions (CDFs), in which the real CDF is 1 bounded. P-boxes have been widely applied in many fields to solve the problems associated with epistemic 2 uncertainty, such as engineering [23] In existing P-box method, the epistemic uncertainty is propagating by calculating the Cartesian products of the 16 input parameters and their P-boxes (see [21] for example). More specifically, to calculate the reliability of a 17 time-varying system which is described by P-boxes, the time interval under investigation is discretized into several 18 subintervals and the maximum and minimum reliability is searched using numerical optimization methods in each 19 subinterval [33] . A major drawback of these uncertainty propagation methods is that their computational costs grow 20 as the number of model parameters increases. In this paper, we develop a dimension-reduced SQP method, which 21 uses gradient information to reduce the required computational costs. 22
Since epistemic uncertainty reflects the unsureness in the predicted reliability, a decision maker might want to 23 reduce it by investing resource to more accurately estimate the value of each model parameter. A two-stage 24 optimization framework is developed to allocate the resource among the parameters and ensure that epistemic 25 uncertainty is reduced in a most efficient way. The contribution of this paper is summarized as follows: 26  probability box is used as a tool to describe epistemic uncertainties in multiple dependent competing failure 27 processes (MDCFPs); 28  a dimension-reduced-SQP (DRSQP) method is developed to construct the probability box; 29 4  an optimization model is developed to control the effect of epistemic uncertainty in MDCFP. 1 The remainder of this paper is organized as follows. Section 2 presents how to quantify the epistemic 2 uncertainty on a MDCFP model using P-box. The DRSQP method is developed in Section 3 for the construction of 3 the P-box. In Section 4, a two-stage optimization framework is developed for the optimal reduction of epistemic 4 uncertainty. A real case study on a sliding spool is conducted in Section 5 to demonstrate the developed methods. 5
Finally, the paper is concluded in Section 6 with a discussion on possible future research directions. 6 2. Representing epistemic uncertainty using P-boxes 7
In this section, we briefly review the concept of P-box in subsection 2.1, and then, apply it in subsection 2.2 to 8 describe epistemic uncertainty on MDCFP models. 9 
Preliminaries on P-boxes
Hence, the distance between the upper and lower CDFs represents the amount of epistemic uncertainty. 14 A simple illustration of a P-box is given in Figure 1 . Suppose x is a random variable following a normal 15 distribution with the variance 2 1   . However, due to the limited time and resource, the precise value of the mean 16 value cannot be estimated accurately. The only information we have is that, the mean value lies in the interval of 17   0,3 . The epistemic uncertainty in x can, then, be described by a P-box in Figure 1 . It is easy to show that the 18 actual CDF lies in the bounded area constructed by 
Such effect of epistemic uncertainty, is, then, described by constructing a P-box for the estimated reliability: 7 The area covered by the reliability box, denoted by RB A , reflects the amount of epistemic uncertainty. When 12 knowledge on the failure processes accumulates, more information is possessed so that more precise estimates on 13 the values of x could be made. As a result, the intervals for x shrink and the reliability box shrinks accordingly. 14 In an ideal situation that there is no epistemic uncertainty, the precise values of x is known to us. Therefore, the 15 reliability box reduces to a single curve. 
For a given MDCFP model, the form of the reliability function is fixed (as shown in (2) Note that the mean time to failure (MTTF) can be determined by: 5
Given a reliability box, we have
Therefore, the upper and lower limits of MTTF are: 7
From (5) and (8) Otherwise, go to Step3.
Step1: Discretize the interval into
where Set
Step4: If end;
Otherwise, go to Step3.
Figure 3 Main steps to calculate ARB (Algorithm 1) 15
A numerical example 16
In this subsection, we demonstrate how to use the reliability box to describe epistemic uncertainty using a7 numerical example. Consider a ceramic capacitor whose reliability can be predicted by 1 In practice, it is often difficult to obtain the precise values of the voltage and temperature. Normally, they are 7 estimated by experts and given in the form of intervals. Suppose the estimated intervals for 1 x and 2 x are 8   , respectively. Since the reliability function in (10) is monotonic with respect to 9 both 1 x and 2 x , a reliability box can be easily constructed to describe the epistemic uncertainty, as shown in 10 
, .
where λ is the Lagrangian multiplier of the Lagrange function ( , )
a quadratic programming (QP) is conducted, which 14
according to [35] , is equivalent to the KKT conditions in (13): 15
is second derivable with respect to x and 17 
Line searches should be conducted until an k  which satisfies Armijo law is found [35] . 9
The implementation procedures of the SQP method are summarized in Algorithm 2 below. 10
Step2: Obtain and by solving the subproblem (14) If , end. Otherwise, go to Step3.
Step1: Choose
Choose an arbitrary matrix which is symmetric and positive definite.
Step3: Calculate according to (16).
Let denotes the directional derivative in the direction of .
If , set .
:
Step6: Correct according to DFP or BFGS methods to obtain . 
The DRSQP method 11
The computation costs of applying the double-loop procedure increase as the dimension of x increases. 12
Based on the available information on the gradients, the dimension of the optimization problem in (17) and (18) 13 could be reduced before the SQP methods are applied. To do this, we first prove Theorem 1. , , , , , , ,  1  2  ,  1  ,  1  2  ,  1  1  2 , , ,
Proof: 10
Here we only prove the first inequality in (19) and the others can be proved in a similar way. Let 11 
Step3: Solve the optimization problem below for using Algorithm 1:
Step4: Solve the optimization problem below for using Algorithm 1: 
A case study 3
In this subsection, we apply the developed DRSQP method to a Micro-Electro-Mechanical System (MEMS) 4 (adapted from [3] ) to analyze the effect of epistemic uncertainty on the MDCFP model while, at the same time, we 5 demonstrate the computational efficiency of the DRSQP method. The MEMS system experiences two dependent 6 competing failure processes: (i) soft failure caused by continuous degradation, and (ii) hard failure due to random 7 shocks. These two failure processes are competing, since either of them can lead to the failure of the device, and 8 dependent, since the arrival of random shocks brings an abrupt change to the normal degradation process [ 
where L P denotes the probability of system surviving the shock load, There are ultimately 10 parameters relating to the reliability function. We ask experts to estimate their values, 10
shown as the interval I x in Table 1 . To implement the DRSQP method, the gradients of (21) are calculated first, as 11 given in the Appendix. Then, the reliability box can be constructed according to Algorithm 3. As a comparison, we 12 also construct the reliability box using the SQP method without dimension reduction. The computational costs of 13 the two methods are compared by evaluations to the reliability model, which are tabulated in Table 3 . It can be seen 14 14 that the DRSQP method requires less function evaluations. This is because, according to the Appendix, the first 1 seven parameters can be removed from the optimization model based on Theorem 1. Hence, the computational 2 costs are greatly reduced. 3 Table 2 
In (23) 
A case study 15
In this subsection, we combine the GA and SQP method to control the effect epistemic uncertainty in the 16 MEMS device discussed in subsection 3.3. As discussed in subsection 3.3, given the available information, the 17 constructed reliability box leads to 
The solution of the model comprises of two stages. In the first stage, an initial attempt is conducted using GA, 6 whose result is used in the second stage as the initial values of the SQP. In the second stage, SQP method is used to 7 improve the search for optima. The optimal solutions from the two stages are tabulated in Table 3 . 8 Table 3 The optimal solutions from the two stages . It is worth noting that the relative reductions are not equally 12 distributed in the elements, indicating an uneven allocation of the resource. The reason for this is that the sensitivity 13 of the elements on the predicted reliability is different. Take the variables H and  as an example. Figure 9  14 illustrates the difference in the sensitivities of the two variables. It is clear that H is more sensitive than  . 15
Hence, to more efficiently reduce the influence of epistemic uncertainty, rather than  , more resource should be 16 invested to reduce the width of the P-box in H , which is in accordance with the results in Table 4 
Application 8
In this section, we apply the developed methods to model and control epistemic uncertainty on a real case study, 9 a sliding spool, to further demonstrate the applicability of the developed methods. Failure of a sliding spool is 10 18 primarily caused by two failure mechanisms: (1) wear due to the friction between the spool and the sleeve, and (2) 1 clamping stagnation caused by the pollutant in the hydraulic oil and wear debris [38] . Clamping stagnation can be 2 caused by two different processes, i.e., immediate stagnation and cumulative stagnation. Immediate stagnation 3 happens when a particle whose diameter is larger than the gap between the sleeve and the spool appears. Cumulative 4 stagnation is caused by filer cakes formulated by small particles, as shown in Figure 10 . 5
According to [39] , the wear process can be described by a degradation process model and the clamping 6 stagnation can be represented using a random shock model. Therefore, failure occurs whenever one of the three 7 following events happens: (1) excessive wear, where the degradation volume due to continuous wear exceeds 8 degradation threshold; (2) immediate stagnation, where a shock whose magnitude exceeds fatal shock threshold 9 occurs; (3) cumulative stagnation, where the cumulative damage given rise to shocks exceeds damage shock 10 threshold [40] . In this case, we assume the three events are independent, as shown in Figure 11 . 
16
The three events can be modeled as below: 17
(1) Excessive wear 18
We assume the wear process can be described by a linear degradation path,   Therefore, the reliability of the system at time t should be:
Considering the influence of epistemic uncertainty, the 11 parameters in the reliability model are estimated by 11 experts in the form of intervals and listed in Table 5 . The DRSQP method in Figure 6 is applied to calculate the 12 reliability box of the estimated reliability. The result is given in Figure 12 initial attempt is conducted using GA, whose result is used in the second stage as the initial values of the SQP. In the 17 second stage, SQP method is used to improve the optimality of the solution. The optimal solutions from the two 18 stages are tabulated in Table 6 , and the resulted reliability box is given in Figure 12 . 
Conclusions 1
In this paper, probability box is introduced as a tool to describe the effect of epistemic uncertainty on the 2 MDCFP model. To efficiently propagate epistemic uncertainty and construct the probability box, we developed a 3 dimension-reduced SQP method. In addition, an optimization model is developed to allocate the resource in order 4 to optimally reduce the effect of epistemic uncertainty. Two case studies demonstrated that the epistemic 5 uncertainty in the MDCFP model can be satisfactorily described and controlled by the developed methods. A 6 limitation of the DRSQP method is that the reliability model of the MDCFP must be second derivable and the 7 derivative functions should be in explicit forms. Developing DRSQP method for generic reliability functions is an 8 interesting but challenging future research topic. Also, the possibility of applying other theories to describe the 9 epistemic uncertainty in the MDCFP models could also be explored, e.g., evidence theory, Bayesian theory, 10 possibility theory, etc. 
